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Sum
m

ary
Ideal O

bserver:  O
bservation of a M

arkov Trajectory
➤

C
alculate the Fisher Inform

ation for the 
observed M

arkov chain trajectory w
ith 

respect to the signal c 

➤
C

ram
ér-R

ao bound gives fundam
ental lim

it 
on the precision w

ith w
hich the signal can be 

estim
ated based on the observations 

 
 

A
ssum

e: 
  

S
tates are divided into tw

o groups, signaling (S ) and non-signaling (N )  
  

“B
inding transitions” (N 

 S ) are linearly related to signal c
→

W
e explore the application of large deviation theory and 

stochastic therm
odynam

ics to biophysical sensors 
➤

W
e derive tw

o theoretical bounds on the uncertainty of a sensor 
m

odeled as a continuous-tim
e M

arkov process, in different lim
its of 

w
hat is observable about the process


➤
First inequality:  detailed observations of the process 

 no 
advantage to adding m

ore states/nonequilibrium
.


➤
Second inequality: estim

ation based on coarse-grained 
observable related to occupancy tim

e in a set of states 
 

estim
ation accuracy can be im

proved by driving the netw
ork out 

of equilibrium
 and adding m

ore states.

➤

W
e verified our bounds using num

erical sim
ulations and 

optim
ization, and observe that nonuniform

 ring netw
orks saturate 

the num
erically optim

al uncertainty curves as a function of energy 
consum

ption. 
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J 0c +

T∑i,j
i≠

j πi Q
ij [ ∂c logQ

ij ] 2

i,j index all states 

J 0c =∑x0

πx0 [ ∂c logπx0 ] 2
“single shot” Fisher 
inform

ation

 
 : expected num

ber 
of binding events
N

no advantage to >
 2 states

➤
Is there an advantage to driving this sensor out of equilibrium

?   

 
A

n ergodic M
arkov chain w

ill relax to steady state distribution w
ith 

➤
S

tochastic therm
odynam

ics:   

q
=

1T

N∑i=1 τ i%
̂c

➤
Large deviation theory:  can study fluctuations in 

 using Level 2.5 LD
T  

Large, finite T:   
  

W
e w

ant to study  
 

 
 

  and 
 

C
an bound as:  

,  as w
ell as 

 w
ith intelligent guesses 

for 
 and 

 (see paper S
.I.) 

       W
e find: 

G
iven som

e em
pirical density 

, w
hat signal 

 w
ould m

ake this typical?  
 

 
(

, solution is estim
ate 

) 

For netw
orks w

ith only one non-signaling state: 

q
P(p

T=
p,j T=

j)∼
e −TI(p,j)

I(q)=
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1
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(iii)
A

dler, Julius.  C
hem

otaxis in E
scherichia coli.  In 

S
ensory 

R
eceptors, C

old S
pring H

arbor S
ym

p. 
Q

uant. B
iol. 30, (1965).

H
ow

 do cells m
easure external concentrations 

and infer inform
ation about their environm

ent? 

➤
S

urface receptors:  ligand binds to receptor 
 intracellular response 

 behavioral 
response 

➤
R

eceptor system
 has a history of study by 

physicists interested in the fundam
ental 

lim
its on sensing ability 

➤
O

ften m
odeled w

ith continuous-tim
e M

arkov       
chains

→
→

binding rate 

signal  

unbinding rate 

B
erg-Purcell lim

it (1977) 

➤
2-state single receptor m

odel, estim
ation based on fraction of 

tim
e bound

uncertainty:
⟨(δc) 2⟩

c 2
=

2
4D

sc(1−
p)T

=
2N

 : Expected num
ber of 

binding events in tim
e T 

N

rate of 
particle 
capture

probability 
receptor 

unoccupied 

01

W
e are interested in: 

H
ow

 the observability and netw
ork size affects the estim

ation uncertainty 
Tradeoffs betw

een energy, estim
ation accuracy, and speed.  

W
e derive tw

o bounds on the uncertainty by violating the B
erg-Purcell 

assum
ptions in m

ore general cases

Q
ij :transition rates

πi :steady state density

em
pirical density in 

signaling states

dπj
dt

=∑
i [ πi (t)Q

ij −
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ji ] =
0
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πi (t)Q

ij −
πj (t)Q

ji =
0

ϕ
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D
etailed balance: 

ϕ
πij

ϕ
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‘N
onequilibrium

 steady state’:  N
on-zero current loops 
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ji ]log
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πj Q
ji

M
easure of the tim

e-reversal 
asym

m
etry of the process 

N
ote:  Σ

π≥
0

j πij

R
π

Avg. 
binding 
rate

p
Ti

j Tij
 is a large deviation rate function 

w
ith m

inim
um

 at 
 and 

I(p,j)
p

=
π

j=
j π

M
ean entropy production rate  

of the system
 and its environm

ent 

)*+(q)≥
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π(1−
q
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T[ Σ
π+
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.
N

ext:  apply this relation to our cell 
sensing problem

 by relating q to c
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>   N
um

erical optim
ization of fully    

 
connected and ring-topology  

 
netw

orks agree 
 

C
onstrained to a particular energy  

 
 

consum
ption, w

e optim
ize an exact  

 
 

expression for 
 obtained by 

 
exactly contracting 

 to 
 to  

 
 

leading order T
×

)*+(
̂c)/c 2

I(p,j)
I(q)

R
educing uncertainty requires  

energy consum
ption and addition 

of states 
C

olored circles indicate the sm
allest num

ber 
of states (using colorm

ap from
 above) at a 

particular energy consum
ption level for w

hich 
adding states (up to 10) w

ould im
prove the 

uncertainty by less than 1%
. 

C
olored lines show

 the perform
ance of ring 

netw
orks w

ith uniform
 transition rates in each 

direction, w
hich saturate the num

erically 
optim

al curve in the lim
it of large energy 

consum
ption. 

<  

everyw
here

⟨(δ
̂c) 2⟩

c 2
≥

1Jc c 2
=

1T
R

π
=

1N
.

em
pirical 

density

em
pirical 

current

i

j


